Abstract. In this note we observe that a result of Sinclair and Smith together with the Feldman-Moore description of a von Neumann algebra with a Cartan MASA shows that Cartan MASAs are norming. We also use the outline in [8, Remark 2.17] to give a new proof of Mercer's Theorem [6, Corollary 4.3].
Proof. We will use the notation found in [3] . By [3, Theorem 1] , there exists a countable, standard equivalence relation R on a finite measure space (X, B, µ), a cocycle σ ∈ H 2 (R, T), and an isomorphism of M onto M(R, σ) which carries D onto the diagonal subalgebra A(R, σ) of M(R, σ). We may therefore assume that M = M(R, σ) and that D = A(R, σ). With this identification, M acts on the separable Hilbert space L 2 (R, ν), where ν is the right counting measure associated with µ. By [3, Proposition 2.9], JDJ is an abelian subalgebra of M ′ and (JDJ ∨ D) ′′ is a MASA in B(L 2 (R, ν)). Therefore, the C * -subalgebra of B(L 2 (R, ν)) generated by JDJ and D has a cyclic vector. An application of [11, Proposition 4 .1] completes the proof.
Let (M, D) be a pair consisting of a von Neumann algebra M with separable predual and a Cartan MASA D in M. A Cartan bimodule algebra is a σ-weakly closed subalgebra A of M which contains D and which generates M as a von Neumann algebra. As in the proof of Proposition 2, we may identify M with M(R, σ) and D with A(R, σ). By the Spectral Theorem for Bimodules [7, Theorem 2.5] , there exists an essentially unique Borel set Γ(A) ⊆ R such that
In fact, Γ(A) is a reflexive and transitive relation on X, and R equals the equivalence relation generated by Γ(A) [7, Theorem 3.2] .
It follows from (1) that A contains an abundance of (groupoid) normalizers of
If, in addition, v is a partial isometry, then we say that v is a groupoid normalizer of D, and write v ∈ GN(M, D). Now suppose φ is a Borel isomorphism between Borel sets dom(φ) ⊆ X and range(φ) ⊆ X whose graph Γ(φ) = {(φ(x), x) : x ∈ dom(φ)} is contained in R. Such a φ will be called a partial R-isomorphism. Then F (φ) := χ Γ(φ) ∈ GN(M, D). Indeed, 
, and u ∈ D is unitary}.
By [7, Corollary 2.7] , we have that
justifying the opening statement of this paragraph. We say that a map θ : A 1 → A 2 between Cartan bimodule algebras is a Cartan bimodule algebra isomorphism if it is an isometric algebra isomorphism such that θ(D 1 ) = D 2 . With this terminology, Theorem 1 says that a Cartan bimodule algebra isomorphism extends to a von Neumann algebra isomorphism of the generated von Neumann algebras. The starting point for our proof of Theorem 1 is Mercer's structure theorem for Cartan bimodule algebra isomorphisms: 
In particular,
In order to prove Theorem 1, Mercer extends the function c in Theorem 3 above from Γ(A 2 ) to all of R 2 , such that (v) and (vi) still hold. This requires an intricate analysis of R 2 and its finite subequivalence relations. Our proof, on the other hand, extends θ directly, without extending c first.
Before embarking on our proof, we draw two corollaries of Theorem 3.
Proof. Immediate from Theorem 3 (viii).
Corollary 5. Let θ : A 1 → A 2 be a Cartan bimodule algebra isomorphism. Then θ is σ-weakly continuous.
Proof (sketch). By the Krein-Smulian Theorem, it suffices to show that if {a i : i ∈ I} ⊆ A 1 is a bounded net and a i → a WOT, then
where
But the assumption a i → a WOT forces (4) to hold for any h ∈ L 1 (X 1 , µ 1 ) and any partial R 1 -isomorphisms φ ′ , ψ ′ .
We now begin our proof in earnest. The first goal is to extend a restriction of θ to a *-isomorphism Θ of certain σ-weakly dense C * -algebras (Corollary 7).
Proposition 6. Let A be a Cartan bimodule subalgebra of (M, D).
In particular, the pair (C, D) is a C * -diagonal in the sense of Kumjian [4] .
Proof. (i) and (ii) are routine. (iii) is just (2) above. (iv) follows from the calculation
Corollary 7. Let θ : A 1 → A 2 be a Cartan bimodule algebra isomorphism. Then i) there exists a *-isomorphism Θ :
. An application of [8, Theorem 2.16] establishes (i).
Since Θ is a *-isomorphism and Θ(D 1 ) = D 2 , (ii) holds. For (iii), let φ be a partial R 1 -isomorphism such that v = F (φ) ∈ C 1 . Then there exists a partial R 2 -isomorphism ψ and a unitary u ∈ D 2 such that Θ(v) = F (ψ)u. We aim to show that ψ = φ τ , where
We have that
and so dom(ψ) = dom(φ τ ). For d ∈ D 1 we have that
Thus,
for all d ∈ D 1 and all x ∈ dom(ψ) = dom(φ τ ). Therefore, ψ = φ τ .
As the next step in our proof, we show that the *-isomorphism Θ : C 1 → C 2 of Corollary 3 is spatial by constructing an implementing unitary U :
For this, the following definition and technical "disjointification" lemma will be useful.
Definition 8. Let v, w ∈ GN(M, D).
We say that v and w are disjoint if Γ(φ) ∩ Γ(ψ) = ∅, where φ and ψ are the partial R-isomorphisms associated with v and w, respectively.
such that the following conditions hold:
An exercise in set theory shows that there exist pairwise disjoint Borel sets
we see that w 1 , w 2 , ..., w N are pairwise disjoint. Suppose a 1 , a 2 , ..., a n ∈ D. Then 
as an element of L 2 (R 2 , ν 2 ) supported on the diagonal of R 2 . We claim that g 1/2 is cyclic for
which implies the claim. Combining the previous discussion with Proposition 6 (iv), we see that
. We define a surjective linear mapping
We claim that U 0 is isometric, and therefore extends uniquely to a unitary U : (5) holds, then by Remark 9 and the Pythagorean Theorem, Θ(a)g We claim that Θ(a) = U aU * for all a ∈ C 1 (as intended). Indeed,
for all a, b ∈ C 1 . To conclude our proof of Theorem 1, we define θ(x) = U xU * for all x ∈ M 1 . Since θ| C1 = Θ, θ is a von Neumann algebra isomorphism of M 1 and M 2 , by Proposition 6 (iv). Since θ| A 0 1 = θ| A 0 1 , θ| A = θ, by Proposition 6 (iii) and Corollary 5.
